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Vw\mþ�l2\ÕýàY]\B`�e��M\m^a`$b:c$e�g0\|`fg2Wkb:c$e2ú0�:e���e�Y]\:¤�~2\fo
C D©MW5JIQ<!=�7*9�MBI�9�CZ<!=�7�3 {�\Ú#[`

O
~2�ß�Me�ln_[eK�n~�`$yZ�}~0\:^ Y[e�z2^]\

C
t?�)e$l2Y[WZg2\:^]\�`�e��M\m^a`$b:c$e

D �n~2\X`'�d`$g2`|��`f^
(P,Q)

g0\w�Me�ln_[e�Yvg2\
C
`$Y]Y[e}�:Wk`'e|�Me�ln_[e

P +Q
Y[e�z2^]\

C
g2\½þ�l2Wkg0eB�Me�^

P + Q = O ∗ (P ∗Q)
t ù Y]Y[WZ� ú}g�`$g2e�Y)g2e�WZY)�Me$ln_ae$Y

P
\

Q
ú�\:l0�:e�l&_a^a`ÆýàY[\XeB_a\:^]�:\mWk^]e �Me�ln_[e

P ∗ Q
_a^[`$bd`fl2g2eÑ`Ü^]\m_a`

L1

�n~2\��2`$Y[Y[`Ñ�Me�^
P
\

Q
Âè\m� Y[\m¤�~2WZg�`�_[^a`$b:`EýàY]\�`�^[\½_�`

L2

�n~2\
��`$Y]Ya`��Me�^

O
\

P ∗Q
\�\:l2�me�ln_[^a`EýÒY[\'e�_a\m^[�m\:Wk^]e��Me�l&_ae��n~2\p�

P + Q
t { \m^w�OWk¤�~0^a`a^0t_`�t
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P P * P

�8Wk¤�~0^a`a^0t ©0o j z0_[\:l2b:c$e6g0e��Me�l&_ae
P ∗ P

t

2

Q

P

P * Q

O

P + Q

L

L

1

�8Wk¤$~2^a`a^�t�`�o j z0_[\:l2b:c$e�g2e��Me�l&_ae
P + Q

t

�)e$l2Y[WZg2\:^[`$l2g2eEýàY[\)eX�Me�ln_[e
O
�:e���eXY]\:l2g0e�eX�Me�ln_[e¸l2eXWkl0þ2l2WZ_[e ��eX�Me�l&_aeXe�l2g2\�`fY8^[\½_�`$Y

��\:^�_aWZ�d`$WZYwY[\BWZln_a\m^[Y]\:�m_a`$���½úM��`$^[`6Y[\ `$g2WZ�:Wke$l�`$^�g2e�WZYw�Me�l&_ae�Y
P1

\
P2

_[^a`$b:`$�6e$Yw�2^]Wk��\:WZ^a`Æý
��\:l&_a\�`¸^]\m_�`¸�n~2\��2`$Y[Y[`��Me$^

P1

\
P2

\:l2�me�ln_[^a`$l0g2e�e��Me$ln_ae�g2\�WZln_[\:^[Y]\:�mbdc$e�\:l&_a^]\�`�^]\m_a`�\
`¸�:~0^]�f`�trxr�,Y[\m¤�~2WZg�`X_a^[`$bd`$��e�Y?`¸^]\m_�`¸�n~2\���`$Y]Ya`��Me�^

O
\��Me�^

P1∗P2

�n~2\Û��\Õ£2`E_�`$��\:l&_a\
`i^]\m_a`´��\:^]_[Wk�:`$yq�n~2\6�2`$Y[Y[` �Me�^

P1 ∗ P2
t j �Me$ln_ae

P1 + P2
Y]\:^ � e �Me�l&_ae Y]Wk�+�m_[^[Wk�me´g2\

P1 ∗ P2

t { \m^w�OWk¤�~0^a`a^0t ¦ t
pOe}g0\½ýàY]\'��e�Y]_[^a`$^��n~2\|`�e$�M\:^a`fbdc$e�g2\'`$g2Wkb:c$e��Me$Y[Y[~0WH`$Y�Y[\m¤�~2WZln_[\:YK�0^[e��2^]Wk\mg�`$g2\mY:o
t(X�X�7:jgCZI 3JCEk:CZ9hIQ9�M ü ~�`fWkY[�n~2\m^��}~0\iY[\Ú#[`$� e�Y��Me�l&_ae�Y

P,Q
\

R
\m�

C
_[\:��ýàY]\´�n~2\
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y

P

P

1

2

P
1

P
2

*

P1 P2+

x

�8WZ¤�~2^a`S^0t ¦ o j z0_[\:l2b:c$e�g0e��Me$ln_ae
P + Q

�me�l2Y[WZg2\m^a`$l2g0efýàY]\´e!�Me�l&_ae
O
�:e$�6e
Y[\ml2g2e�e

�Me�l&_ae�l0e�Wkl�þ�l2WZ_[e2t

(P + Q) + R = P + (Q + R)
Â

E /hCYX"36� 2�jgCEIN9hMSM?lZM?UVM?2
3F7V2hM?;h3F5J7 j �Me�ln_[e
O ∈ C

��_�`$yè�n~2\
P + O = O + P =

P,∀P ∈ C
ú�yZe�¤�e

O
��e�\:yZ\:��\:l&_ae�l2\m~0_a^]e�g�`�`$g2WZbdc$e>Â

E /hCYX"36� 2�jgCEI 9�M�M?lEM?UVM?243F7 X6CZUVeg3F58CZjs7 p8`f^a`i�:`$g�`i�Me�ln_[e
P ∈ C

úO\Õ£0WZY]_[\6e �Me�l&_ae
−P ∈ C

_a`$yè�}~0\
P + (−P ) = (−P ) + P = O

t
�O`$� z
�m� �f`fyk\�`�Y]\:¤�~2WZln_[\��2^[e��0^[Wk\mg�`$g2\fo
AB7
UN;:3FI>3JCvkhCZ9hIQ9�M ü ~�`fWkY]�}~0\:^|�n~2\�Y]\â#[`$�®e�Y|�Me�l&_ae�Y

P,Q ∈ C
úH_a\:��ýàY]\

P + Q =

Q + P
t

j ~|Y]\â#[`0úfeK�:e$l8#]~2ln_[ewg2\v�Me�l&_ae�YHg�`��:~2^��f`K�:e��²`Ke��M\m^a`$b:c$ewg0\)`fg2Wkb:c$eK�Me$Y[Y[~0W}\:Y�_a^[~�_a~2^[`
g2\K¤�^[~2�MeB`fzM\:ykWk`$l2e0t ù yk¤$\:z2^]Wk�:`$�6\mln_[\$ú&�Re}g0\½ýÒY[\w��e�Y]_[^a`$^q�n~2\X`|`$g0Wkb:c$e'g2\wg2e$WkYq�Me�ln_[e�Yvg�`
�:~0^]�f`���g�`$g�`��Me�^:o

• t+9�CY<!=>7Ò9�7
X,Dì7
243F7
X
P1

M
P2

j!7
U
P1 6= P2

\
x1 6= x2

3 V¸`$g2e$Y|g2e�WkY��Me�ln_[e�Y
P1 = (x1, y1)

\
P2 = (x2, y2)

�M\:^�_a\ml2�:\mln_a\mY�� �m~2^]�E`
C(K)

�Tg2\mþ2l2Wkg�`iY[e�z2^]\�~2�
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�me�^[�Me,¨'��g2\�\:�n~�`$b:c$e
y2 = x3 + ax + b

úOe�z0_[¡:��ýàY]\6`iY[e��6`
P1 + P2 = (x3, y3)`E_a^a`d�!�:Y�g�`$Y�Y[\m¤�~2WZln_[\:Y�sEª$^[� ~2yk`$Y







λ =
y2 − y1

x2 − x1

x3 = λ2 − x1 − x2

y3 = λ(x1 − x3)− y1

�Y^0t�\n�

VX\�sTe�^]��`Ü`$l � yZe�¤&`��Me}g2\½ýÒY[\�g2\:g2~>
:WZ^'`$Y�sEª�^]� ~2y¢`fY¸��`f^a`
P1 + P2

l0ei�:`$Y[ei\m�ó�n~2\
P1 = P2

o

• ú ;hDLlZCYj!I�<!=�7*9h7�Dì7
243F7
P1
3 {�\â#[`

P1 = (x1, y1)
t j ^[\mY[~2y�_�`fg2ewg2\

2P1 = P1+P1 =

(x3, y3)
úQ��e�z�_aWkg0e�`f_[^a`U�s�:Y�g�`$Y�sEª�^[� ~0y¢`$Y







λ =
3x2

1 + a

2y1

x3 = λ2 − 2x1

y3 = λ(x1 − x3)− y1

�Y^0t_]��

• t+9�CY<!=>7R9h7
X+D©7
243674X
P1

M
P2

j!74U
P1 6= P2

\
x1 = x2

3 �K\:Y]Y[\B�:`$Y[e
P2 = −P1\�_[\:��ýàY]\

P1 + P2 = O
t

ù � ~2yZ_[WZ�2yZW��d`$b:c$e�g0\v~0�ß�Me�l&_ae
P
g2\q~2�6`��:~0^]�f`

C
�Me�^ ~0�ßWkl&_a\mWk^[e

k > 2
g2\ml2e���Wkl�`fg�`

7HDìM?5JIQ<!=>7¡M?X6j!IQlEI�5 9hM ;�U Dì7
243F7 ��` �2^[WZl2�:WZ��`$yXe$�M\:^a`fbdc$e*^[\d`fykW�
:`$g�`Gl2e1�2^]e}�:\mY[Y[e
g2\!s�`f_ae$^a`$b:c$e1�M\myke1�+�m_ae}g0e1g�`$Yi�:~2^��f`$Y \myk��_aWZ�d`fY:t�xrY[Ya`�e$�M\:^a`fbdc$e��Me}g2\�Y]\:^ \½sT\m_[~�`$g�`
~0_[WkykW�
d`$l2g0efýÒY[\6`$Y'sEª�^]� ~2y¢`fY�g2\Ü`$g0Wkb:c$e \�g0~2�2ykWZ�d`fbdc$e g0\��Me�l&_ae2ú8e$~ÅY]\â#[`�úr`$g0Wk�:WZe�l�`$l0g2eie
�Me�l&_ae6`�\:yZ\���\:Y]�6e _�`$l&_�`$Y���\�
:\mYw�n~�`$l&_ae�sTe�^�e�s�`E_ae�^�g2\���~0yZ_aWZ�0yZWZ�:`$bdcfe2o

kP = P + P + · · ·+ P
︸ ︷︷ ︸�´��\�
m\:Y

�Y^0t ©&�
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Ü$¬�· ÌA@(¸�³�ºB¶¡°ÛÑ;B´±h²6Ö	ºp¶ ¶:µB®(¸�° ÖÁµp¸�Íþµ§¶¡Îq»�² ±hµB¶

ù {�\mbdc$e$^0tÏ§�t ¥ `$�2^]\:Y]\:l&_�`6`�g2\½þ�l2WZbdc$e�g0\'�m~2^]�f`fYw\myk��_aWZ�d`fY�Y[e�z2^]\'�me�^[�Me�Y�þ�l2W�_ae�Y�\'`6{�\mbdc$e
^0tÏ§�tÏ§�t `f�2^[\mY[\:l&_�`i`Üg2\mþ�l0Wkbdcfe´g2\�e�^[g2\m�ìg2\�~2��`Ü�m~2^]�E`´\:yZ�Z_[WZ�d`�\�e´�H\me�^[\m��`Ñg0\+ow`$Y[Y]\$ú
�n~2\XY[\:^[c$e �Me�Y�_a\:^]Wke�^]�6\mln_[\w~0_[WkykW�
d`$g0e�Yvl�`|g2\mY[�:^]Wkb:c$e g2eB�$�½_ae}g2e|g2\ws�`f_[e�^a`$b:c$e|g�`$Y��:~2^��f`$Y
\:yZ�Z_[WZ�d`$Ymt

åÔäiã	äçæ �2F÷ëHG�îI.�éJ*LKiò>øâù4î�.M. ê�,÷ë�é
Zp

{�\Ú#[`
p
~2��ln�2��\:^[e¸�2^]Wk��e2t j �:e�^]�Me¸þ�l2W�_ae

Zp

�:e�l0Y[WkY�_a\�g2e¸�:e�lJ#]~2ln_[e
Zp = {0, 1, 2, ..., p−

1} ú}e�l0g2\X`fY�e$�M\:^a`fb��}\mY)g0\X`$g0Wkbdcfe'\K� ~2yZ_[WZ�2yZWZ�:`$b:c$e�Y[e$z2^[\K\:Y[Y]\X�:e$l8#]~2ln_[e|Yac$e|g2\½þ�l2WZg�`$Yvg�`Y[\m¤�~2WZln_a\��6`$l0\:Wk^[`0o
t+9�CY<!=>7 o�{�\

a, b ∈ Zp
ú8\:l&_�c$e

a + b = r
ú8e$l2g2\

r
ú
0 ≤ r ≤ p − 1

úL��e�^]\:Y�_ae#g2`
g2W���WZYac$e'g2\

a+ b
�F`fg2Wkb:c$e|\m�

Z
�r�Me�^

p
trxrY]_a`Be$�M\:^a`fbdc$eB�wg2\:l0e��6WZl�`$g2` IQ9�CZ<!=�7NUON:9�;�lZ7

D t
dÆ;�lE3FCZD�lZCZjsIQ<!=�7 o�{}\

a, b ∈ Zp

ú�\:ln_ac$e
a · b = s

ú)e�l2g2\
s
ú

0 ≤ s ≤ p − 1
úÁ�ie

^[\mY]_[e´g�`Ñg0WZ�}WkY[c$eÜg2\
a · b ��� ~2yZ_[WZ�2yZW��d`$b:c$e�\:� Z

�w�Me�^
p
t|xrY]_�`Ñe��M\m^a`$b:c$e(��g2\ml2e���Wkl�`fg�`

UN;�lE3JCvDLlECZj!I�<!=�7VUON:9�;�lZ7wD t
�K��`i�m~2^]�E`#\myk��_aWZ�:`

C
Y[e�z0^[\

Zp

g0\:l2e$_a`$g�` �Me�^
C(Zp)

�6g2\mþ2l2Wkg�` �M\my¢` \m�n~�`$b:c$e#g�`
sTe�^]��`

y2 = x3 + ax + b mod p
�Y^�t�`��

e�l2g0\
a, b ∈ Zp

\
4a3 + 27b2 6= 0

��e}g
p
ú?#]~2ln_a`$��\:ln_[\ �:e�� eÑ�Me�l&_aeÑl2eÑWkl0þ2l2WZ_[e

O
t j

�:e$l8#]~2l&_ae
C(Zp)

�:e$l2Y[WZY]_a\'g2\�_ae}g2e�Y�e�YK�Me�ln_[e�Y
(x, y), x, y ∈ Zp

Ya`E_aWkY�s�`s
:\ml2g2e�`�\m�n~�`$bdcfe
�Y^�t�`��Õt
ù e��M\m^a`$b:c$e�g2\'`$g2Wkb:c$e�g2e$YK�Me�l&_ae�Y

P1 + P2 = P3

e�l2g2\
P1 = (x1, y1)

ú
P2 = (x2, y2)\

P3 = (x3, y3)
\m�ï~2��`��m~2^]�E`�\myk�Z_[WZ�d`BY[e�z2^]\

Zp

��e�z0_[Wkg�` �Me�^:o
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





λ =
y2 − y1

x2 − x1

mod p

x3 = λ2 − x1 − x2 mod p

y3 = λ(x1 − x3)− y1 mod p

�Y^0t ¦ �

��`$^[`
P1 6= P2

\
x1 6= x2

��e}g
p
t

Vw\'sTe$^[�6`�`$l � yke�¤&`�ú�`�e��M\m^a`$b:c$e�g2\'g2~2�0ykWk�:`$b:c$e�g2\'~2�ï�Me�ln_[e�g�`$g�`��Me�^
2P1 = P1 +

P1 = (x3, y3)
ú2�:e��

P1 = (x1, y1)
��g�`$g�`��Re$^:o







λ =
3x2

1 + a

2y1

mod p

x3 = λ2 − x1 mod p

y3 = λ(x1 − x3)− y1 mod p

�Y^0tb~&�

E /:M?UVD�lE74X o
¥ tw{}\â#[`

p = 23
\��:e$l2Y[WZg2\:^]\K`��m~2^]�E`

C : y2 = x3 +x+1
g2\½þ�l2Wkg2`�Y]e�z2^[\

Z23

t j z2Y]\:^]�$\
�n~2\

4a3 + 27b2 = 4 + 4 = 8 6= 0
�6e}g

23
t j Yw�Me$ln_ae$Yw�me��+�:e}e�^]g2\:l2`$g�`$Yw\:�

Z23�M\m^]_a\ml2�m\:ln_[\:Y `i\mY[Y[` �:~2^��f`iYac$eG�F¨0ú ¥ �´Âk�F¨�ú §�§$�´Â)� ¥ ú_`�� Â�� ¥ ú ¥ ©&� Â��Y^0ú ¥ ¨&� Â��Y^�ú ¥ ^��´Â��Z\0úÏ¨��´Â
�Y]�ú�\n�´Â?�Y]�ú ¥ ~&�´Â8�F©�úb\n� Â?�F©�ú ¥ ~��´Â?�Y`�ú ¥�¥ �´Â8�P`}ú ¥ §$�´Â8�Y~0ú_`��´Â8�Y~0ú ¥ ©&� Â?� ¥$¥ úb^&�´Â8� ¥�¥ úÏ§$¨&� Â8� ¥ §�ú�\n� Â
� ¥ §�ú ¥ ~&� Â�� ¥ ^0ú_`��´Â � ¥ ^�ú ¥ ©��´Â � ¥ `�úb^&� Â�� ¥ `�ú §f¨&�´Â � ¥d¦ ú_^��´Â�� ¥U¦ úÏ§$¨&� Â�� ¥ ~0ú_]��´Â � ¥ ~�ú ¥U¦ ��\�e
�Me$ln_ae

O
t

§�tw�)e$l2Y[WZg2\:^]\ `���\:Y]��`��:~2^��f`6g2e6\½£�\:���2yZe�`$ln_[\:^]Wke�^�\'e�Yw�Me�l&_ae�Y
P = (3; 10)

\
Q =

(9; 7)
�Tl2e$_a\��}~0\

P,Q ∈ Z23

�½t

`��
P + Q = (x3, y3)

��g�`$g2e��Me�^:o
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





λ =
7− 10

9− 3
=
−3

6
=
−1

2
= 11

x3 = 112 − 3− 9 = 6− 3− 9 = −6 = 17

y3 = 11(3− (−6))− 10 = 11(9)− 10 = 20

pOe$^]_�`fln_ae
P + Q = (3, 10) + (9, 7) = (17, 20)

\:�
Z23

t

z��
2P = P + P = (x3, y3)

��g2`$g2e��Me�^mo






λ =
3(32) + 1

20
=

5

20
=

1

4
= 6

x3 = 62 − 6 = 7

y3 = 6(3− 7)− 10 = 18 + 4− 10 = 12

pOe$^]_�`fln_ae
2P = 2(3, 10) = (7, 12)

\m�
Z23

t

^0tw�)e$l2Y[WZg2\:^]\�`Ü�m~2^]�f`
C : y2 = x3 + x − 1

g2\mþ2l2Wkg�`ÜY]e�z2^]\
Z5

\�eÜ�Re$ln_[e
P =

�F¨0úb^&�
�M\m^]_a\ml2�m\:ln_[\B`��m~2^]�f`�t

`�� ù e��M\m^a`$b:c$e1g2\!� ~2y�_aWZ�2y�WZ�:`$bdcfe \mY[�d`fy¢`$^
kP

��`$^[`
k = 5

�Me}g2\!Y]\:^´\msT\½_a~�`fg�`
`E_a^a`d�!�:Y�g�`�Y]\:¤�~0Wkln_[\�Y[\m�}~0¡:l2�:Wk`�g2\�� � yZ�:~2yZe�Y:o

• j z0_��m��ýÒY[\ P + P = 2P = (0, 3) + (0, 3) = (1, 1)
úM`f_[^a`U�!�mYwg�`$Y�sEª�^]��~0y¢`$Y�g2\

g2~2�2yZWk�:`$bdcfe�g2\��Me�l&_ae�Y|�T��`$^[`
P1 = P2) :







λ =
3− 1

2 · 3 =
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6
= 1 mod 5
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
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
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
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13 = 213P = 2P12 = (1385673311, 3369844450)¥ \ p
14 = 214P = 2P13 = (799596392, 333488497)

xr��Y[\m¤�~2WZg�`0úMY[c$e��d`$yZ�:~0y¢`$g�`fYw`$YwY[e$��`fYw��`f^[�:Wk`$WkY�g2e$Yw�E`$yke�^]\:Y
2iP

�6e}gS]�úM�2`$^a`�e�Y
�n~�`fWkY

ki = 1
t j ~iY]\â#[`0ú

\g^
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((((23P + 26P ) + 210P ) + 211P ) + 213P ) + 214P ⇒
((((893867983, 2672742174) + 210P ) + 211P ) + 213P ) + 214P ⇒
(((847823675, 1510523570) + 211P ) + 213P ) + 214P ⇒
((35388288, 383148084) + 213P ) + 214P ⇒
(2667997643, 3103205478) + 214P ⇒
(2130795921, 439182547) = kP
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�)e$�6e��}WkY�_ae
l�`!{�\mbdcfeÿ^0t�\2úq`#Y[\m¤�~2l2g2`
s�`fY[\Üg2e!`$yk¤$e�^[W�_[��e �:e�l0Y[WkY�_a\Ü\:�ÿ��\:^[W�þ��:`$^
�2`$^a` �:`$g�` �2^[WZ�6e

r
_a`$yä�n~2\

B1 < r ≤ B2

ú0Y[\
rQ = O

tvxrY]Ya`���\m^[W�þ��d`$b:c$e��Me}g2\�Y[\m^
^]\d`$yZW�
:`$g�` �me��ïz�`fY[\'\m�+`$yZ¤�~2l2Y��+�m_[e}g2e�Y�Y[~2¤�\m^[WZg2e�Y�\m�   �)^]\ ¦ ©�úM��pq¨&§�úMhie�l ¦ `J¢<t
�K��`#g�`$Y��6`$l2\mWk^[`$Y g2\´^]\d`$yZW�
d`f^ \mY[Y[`!��\:^]WZþ��:`$bdcfeÿ�´�:`$yk�m~2y¢`f^:úv`
��`f^]_aWZ^ g2e!�Me�ln_[e
Q = kP

e�z0_[Wkg2e�l�`��2^]Wk��\:WZ^a`|s�`$Y]\$ú�e�Y��Me$ln_ae$Y

[r0]Q, [r0 + ∆0]Q, [r0 + ∆0 + ∆1]Q, [r0 + ∆0 + ∆1 + ∆2]Q, ...

e$l2g2\
r0

�Xe���\:l0e�^)�2^]Wk��eB�6`$WZe�^v�n~2\
B1

ú�\
∆i

Yac$e�`$Y�g0WZsT\:^]\:l2b:`$Y�\mln_a^]\¸e�Y��2^]Wk��e�Y
Y]~2z2Y[\m�n~2\:ln_a\:Y���`fWke�^]\:Yw�n~2\

r0

t'{�\fúè\:�ì`$yZ¤�~2��g2\mY[Y[\mY'� � yZ�:~2yZe�Y:úR\½£�WkY�_aWZ^X~2�6`�e��M\½ý
^[`$bdcfe6g2\'Wkl&��\:^]Yac$e6WZ�6�Me$Y[Y[����\:y�g0\|Y]\:^w^]\d`$yZW�
:`$g�`0ú2\mln_ac$e6~2�ïs�`f_[e�^�l�cfe�_a^]WZ�}W¢`fyèg2\

n�Me}g2\�Y]\:^�\:l2�me�ln_[^a`$g0e   ��pq¨&§u¢Ft

E /�M UwDLlE7 o
�)e$l2Y[WZg2\:^]\

n = 143
ú
B1 = 3

ú
B2 = 13

\�`��:~2^��f`
y2 = x3+118x+1

t?{�~0�
�}\½ýàY]\��n~2\
l2`|\½£�\m�:~2b:c$e�g2`|�2^]Wk��\:WZ^a`¸s�`$Y]\wg2eB`$yk¤$e�^[W�_[��e�l�cfe|sTe$W>�Me�Y]Y[�Z��\myM^[\d`fykW�
:`$^q`'s�`E_ae�^[`$bdc$e
g0\

n
\�e�z�_a\m��\ÕýàY]\)ew�Me�l&_ae

kP = Q = (64, 67)
t8�K\:Y[Y]\)�d`$Y]e2ús�v\½£�\m�:~0_a`$g�`¸`KY]\:¤�~2l0g�`

s�`fY[\�g2e�`$yk¤$e�^[W�_[��eK��\m^[W�þ��d`fl2g2e���`$^[`X�d`$g�`X~2��g0e�Y?l}�0�6\m^[e�Y8�2^[WZ�6e�Y
r0 = 5

ú
r1 = 7

ú
r2 = 11

\
r3 = 13

Y]\
riQ = O

t xrY[Y[` ��\:^[W�þ��d`fbdc$e��Me}g2\6Y[\m^Be�z0_[Wkg�` `E_a^a`d�!�:Y|g�`
Y]\:¤�~0Wkln_[\�Y[\m�}~0¡:l2�:Wk`�g2\�� � yZ�:~2yZe�Ymo

r0Q = (134, 29)

∆0 = r1 − r0 = 2

\!\



\2t_`�t ù yZ¤�~2�6`$Y��:e$l2Y[WZg2\:^[`$b��}\mY ���������������

∆0Q = (16, 72)

[r0 + ∆0]Q = (134, 29) + (16, 72) = (9, 43)

∆1 = r2 − r1 = 4

∆1Q = (37, 55)

[r0 + ∆0 + ∆1]Q = (9, 43) + (37, 55) = (68, 136)

∆2 = r3 − r2 = 2

∆2Q = (16, 72)

�)e$�6eK`$Y e��M\:^[`$b"�}\:YHYac$eK^]\d`$yZW�
d`fg�`$Y��+ª}g2~0yke ¥ \g^0úE`$e�_a\:l&_�`$^ �:`$yZ�:~2yk`$^
[r0+∆0+∆1+

∆2]Q = (68, 136)+ (16, 72)
��\:^]WZþ��:`EýÒY[\w�n~2\Xl2c$e|\½£�WkY�_a\we|Wkl&��\:^[Y]eBg2\

x1−x2 = 52��e}g ¥ \!^0t?��`$yk�m~2y¢`fl2g2eXe�� � £�Wk��ewg2WZ�}WZY[e�^O�:e�� ~0��\mln_[^[\Ô]�§w\ ¥ \g^Xe�z�_��:��ýàY]\�eXs�`f_ae$^
¥ ^�\fú��Me�^]_a`$ln_[e2ú�` s�`f_ae�^[`$bdcfe���^]\d`$yZW�
:`$g�`0t
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z � Y]Wk�me�Y¸�n~2\ �Me}g2\:� Y[\:^¸~0_[WkyZW�
d`$g0e�Ywl�`�Wk���2yZ\:��\mln_a`$bdcfe�g2eÜ�+�m_ae}g0eÜg�`$Y¸�m~2^]�E`$Y�\myk��_aWZ�d`fY:t
xrY]_[~2g2e�Y �6`$WZYÑ\:Y]�R\m�:��þ��:e$Y�Y]e�z2^]\Jef_aWk��W�
:`$b"�}\:YÑg2\�e��M\:^[`$b��}\mY �me���e1Wkl&��\:^]Yac$e1\�� ~2yZ_[Wåý
�2yZWk�d`fbdc$ei\mY[�:`$y¢`f^|�Me}g2\m� Y[\m^B\ml2�:e�l&_a^[`$g2e�Y|\:�   �	oðrHh�¨ ¥ ú8��h,¨'h�¨s^2úO��pv¨�§�úOx©rHh�¨!^u¢Ft
p8`$^[`X\:Y]_[~2g2e�Y?\:����`$^[`$yk\mykW�
:`$b:c$ewg2e�Y?`$yk¤$e�^[W�_[��e$YOg0\)s�`f_[e�^a`$b:c$eX�Me}g2\ÕýàY]\�^]\:�me�^[^]\:^r`   �)^]\6~!~�ú
V×rh~!^u¢Ft
p8`f^a`�`���`fl2Wk�0~2y¢`fbdcfe�g2\'Wkl&_a\mWk^]e�Y�� ~2WZ_[e�¤�^a`$l0g2\:Y���Wk���2^[\mY[�mWkl2g2����\:yè~�_aWkyZW�
d`f^�~2�ï�:e�l�ý

#]~2l&_aeKg2\qe��M\:^[`$b��}\mYOg0\v� ~2yZ_[WZ�2^[\m�:WZYac$e�g0\vWkl&_a\mWk^]e�Y��n~2\v�Me�Y[Y]Wkz2WZykW�_[\?^[\:`$ykW�
d`$^èe$�R\m^a`$b"�}\:YO`$^]WZ_]ý
�+�m_aWZ�d`fY�\m� WZln_a\mWk^]e�Y)g2\X_�`$�6`$l2û0e�`$^[z2W�_a^ � ^[WZeBe$~Ñ_a`$�6`$l2û2eBþ0£�e�Y[~0þ��mWk\mln_a\m�6\mln_[\�¤�^[`$l2g2\ft
j �2^[\mY[\mln_a\�_a^a`fz�`$ykû0e´l�cfe `$�2^]\:Y[\mln_a`i~2�ó\:Y�_a~2g2e�`f�2^[e$sT~0l2g�`$g2e´g2\:Y]Ya`$Y|^]e$_aWZl�`$Y�z � Y[WZ�d`$Ymú
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�2`$^a`�`f�2ykWZ�d`$b"�}\:Y8�m^[Wk��_ae�¤�^ � þ��:`$Y:ú�Y]WkY�_a\:�6`$Y?`$yk¤!�mz2^[WZ�:e$Y8\��M\:Y[�n~2WZYa`fYq\:� � yZ¤�\:z0^a`X�me���ý
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• 1Át � 1 o Ê ~0��`Gz2Wkz0ykWZe$_[\:�:`G\:Y]�:^]WZ_�`Å\m� �+�n~2\
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Wk���2yZ\m��\:ln_a`$bdcfe�g2e
�$�½_ae}g2e#g�`$Y �:~2^��f`$Y�\:yZ�Z_aWZ�:`$YBg0\:Y[\mln��e�y��}Wkg�`#g2~2^a`fln_a\Ü\:Y�_a\Ü_a^a`fz�`$ykû0e2t
ù {�\:b:c$e(]�t ¥ `$�0^[\:Y]\:l&_�`6e�`$� z2Wk\mln_[\'g0\|g2\:Y]\:l&��e�yZ�}WZ�6\mln_ae6g�`�WZ�6�2yZ\m��\:l&_�`$b:c$e�\B`�{�\mbdc$e
]�tÏ§ g2\:Y]�:^[\½��\i`$Y \m_a`$��`$Y g2`#Wk���2yZ\m��\:ln_a`$bdcfe2t#�w`!{�\mbdc$eÿ]�tb^�Yac$e#g2\:Y]�:^[W�_ae$Y�e$YB_aWZ�Me�YBg2\
g�`$g0e�Yq~0_[WkyZW�
d`$g0e�Y?\�`|{}\:bdcfe§]�tb\'`f�2^[\mY[\:l&_�`'`$Yq�0^[Wkl0�:Wk�2`$WkYOsT~2l2b"�}\:Yq~0_aWZykW�
:`$g�`$Y8��`$^a`�\½sT\m_[~�`$^
`$YXe��M\m^a`$b"�}\:Y�`$^]WZ_a�+�½_aWZ�:`$YKl2\:�m\:Y[Y � ^[Wk`$Y:t��X`$YXY[\mb��}\mYp]�t_]�ú�]�tÏ©�ú�]�t�`�\a]�t ¦ Yac$eÜg0\:Y[�m^[W�_�`$Y¸`$Y
Wk���2yZ\m��\:ln_a`$b��}\mY�g2\��d`fg�`���`$Y]Y[e�g2e6`$yZ¤�e�^]W�_a��e�g0\�s�`E_ae�^[`$bdc$e0t

ô�¬�« áÙÓ ®Ã²´°Ô»a±h° ¿(° ¿�°Ô¶:°Ô»a³§µBÑ ³$²�Ó °Ô»a±hµ

j `$yZ¤�e�^[W�_[��eig2e#�+�m_[e}g2e�g�`$YB�:~0^]�f`fY�\myk��_aWZ�d`fY:ú8`$�2^[\mY[\mln_a`$g2e
l2e!��`f�2�Z_[~2yke,^0úOsTe�WvWk���2yZ\½ý
��\:l&_�`$g2e#l�`#ykWZl2¤�~2`$¤�\m� �.\:� ~2�6`��2y¢`E_�`fsTe�^]�6` pO\:l&_aWk~0� Ï { §}úb\�¨!�¥o÷
fú©\ ¦ ¨!hq�.g2\
) ù hJú�~0Ya`$l2g0e6e�Y[WkY�_a\m��`�e��M\m^a`$�mWke�l2`$y:r�Wkln~�£´��\:g0e�^a`��)e�^[\|§}t
p8`f^a`Ü`Ü^]\:�2^]\:Y]\:ln_a`$bdcfeig0\ l}�2��\:^]e�Y¸¤$^a`$l2g0\:Y¸g2\B_�`$�6`$l0û2eÑ`f^[z2W�_a^ � ^[WZe�sTe�WO~�_aWkyZW�
d`fg�`6`

z2WZz2ykWZef_a\m�d`'�|h p   ��^[`�¨g]F¢<ú&��\:^]Yac$eB\2t ¥ tb\0úng2WkY]�Me�l2Wkz0WkyZW�
d`$g2`�l2e'Y[WZ_[\�ûn_[_[�èo_�!�qþ%þ%þ�tâYsþ)eU£Rt �:e$�
�f¤����èt
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]�tÏ§�t�x?_�`$��`fY�g�`�Wk���2yZ\:��\:ln_a`$bdcfe ���������������

ô�¬�· Ð ±�ºpÍÃºB¶ ¿�º ²�Ó Í�Ñ´°ÔÓ °Ô»a±�ºB½Á¾pµ

j �+�m_ae}g0e�g�`$Y��:~0^]�f`$YK\myk��_aWZ�d`fY)sTe�WèWk���2yZ\:��\mln_a`$g2e�\m�ïg2~�`$Y���\m^[YØ�}\mY:o

• 0«ª¥k
MW5uX"=�7�3 ��e�W�WZ���2yZ\:��\:l&_�`$g0e�e|`$yZ¤�e�^[W�_[��e�e$^[Wk¤$Wkl2`$y0g2\÷r�\:l0Y]_a^[`0ú�`$�2^]\:Y]\:ln_a`$g2e|l�`
{}\:bdcfeq^0tb^0t ¥ t xrY[Y[`iWZ�6�0yk\m��\:l&_�`$b:c$eÜ\m^a`Ñ�:e$l2Y]_aW�_a~2�Zg�`Ñ`$�M\ml�`$Y�g2`Ñ�2^[WZ�6\mWk^[`6s�`fY[\�g2e
`fyk¤�e�^]W�_a��e�Â

• @ ª k
MW58X�=�7�3 ��e�W `$�m^[\:Y]�:\mln_�`fg�`��6WZ���2yk\m��\:l&_�`$b:c$e�Wkl2WZ�:Wk`$yè`6Y]\:¤�~0l2g�`6s�`fY[\|g0eÜ`$yZ¤�efý
^]WZ_a��e2ú��me�l0sTe�^]�6\�`f�2^[\mY[\:l&_�`$g0e6l�`6{�\mbdcfe$\2t ©0t

��e$^a`$� ^[\:`$ykW�
d`$g2e$Yä_[\:Y�_a\:Y �:e$�ß`$Y�g2~2`$Y�Wk���2yZ\:��\mln_�`fb��}\:YmúU�:~8#]e�Y�^[\mY[~2y�_�`$g0e�Y�Y[c$e���e�Y]_[^a`Eý
g2e�Y�l2e6��`$�2��_a~2yZe�©0t

ô�¬}Ü �Æ²´Íþµ§¶Õ¿(° ¿�ºp¿(µ§¶ ° ²"»�²"ÖÁ²�ºpÑ�²"¼ÛºB½Á¾pµ

�X`Kz2WZz2ykWZef_a\:�:`w�'h�pOúÆe�YOg2`$g2e�YOg0ew_aWZ�MeKWkln_[\:WZ^[eKg0\v_�`$�6`$l2û2ew`$^]z2WZ_[^ � ^]WZe�Yac$ew^[\m�2^[\mY[\:l&_�`$g0e�Y
�M\:yk`!Y[WZln_�`Æ£0\äÝuÑ����'»1\ `fY�sT~2l2b"�}\:Y6Y[c$eJWZl2Wk�mW¢`fg�`$Y �:e�� eJ�0^[\mþ�£0eXÝHÑ����2t ù Y��2^[WZl2�mWk��`$WZY
�f`f^[W � �}Wk\:YrWkl&_a\mWk^a`fYrg2\�_a`$�6`$l2û2e'`$^]z2WZ_[^ � ^]WZe�~0_[WkykW�
d`$g2`$Yrl�`�WZ�6�2yZ\m��\:l&_�`$b:c$e�g2e'�$�½_ae}g2e�g�`$Y
�:~0^]�f`fYw\myk��_aWZ�:`$Y�Yac$e�`$�2^[\mY[\mln_�`fg�`$Yw`�Y]\:¤�~0Wk^:o

• ·Roqln�2��\:^]e6`�Y[\:^�s�`f_ae$^a`$g0e�Â

• º�\	�Roq��`$^Ø�$��\m_a^]e�Y�g�`��:~2^��f`>Â

• ��� \ � � oq�:e}e$^[g2\ml�`$g�`$Y�g2e�Y��Me�l&_ae�Y"Â

• ! oq� ~0yZ_aWZ�2y�WZ�:`$g2e�^)g�`�e$�M\:^a`fbdc$e�\:Y[�:`$y¢`f^�Â

• "$# Ü>ov~�_aWkyZW�
d`fg2e�l2e$Y�� � yZ�:~2yZe�Y�g0\'��g2�uÂ

xrY[Y[`$Y�\:Y]Ya`$Y)�f`$^[W � ��\mWkYvsTe�^a`f�öWkl2WZ�:Wk`$y�W�
:`$g�`$Y�`f_a^[`U�!�mY�g�`|sT~2l2b:c$eâÝHÑ�����% ·&%�»Üg2\¸`$�:e$^[g2e �me��
Y[\m¤�~2WZln_a\��0^[e}�:\mg2WZ�6\mln_ae0o
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]�t�\2t j �M\:^a`fb��}\mYw`$^[W�_a�+�m_aW��d`$Y ���������������

'('*) ·�% # %mº�+�%,�{º.-{º«¿/%mº0-{¶�%)Æ�Üo¼}»/% Ñ�¼MÝuÑ����'»-�¼�%qÜ1% ·�% # %'º�+�%,�{º(�mÝuÑ��32�ÝuÑ����«»Q·�4áÝuÑ����'» º54?ÝuÑ����'»6��4áÝuÑ����«» ��� 4ÝuÑ����'»*� � 4?ÝuÑ����'» ! 4áÝuÑ����'» "$# Ü879
ÝuÑ�����% ·�%�»:2�·&7<;
ÝuÑ�����% ·�%�»:2�º$7<;
ÝuÑ�����% ·�%�»:2=�&7<;
ÝuÑ�����% ·�%�»:2 �&� 7>;ÝuÑ�����% ·�%�»:2?� � 7>;ÝuÑ�����% ·�%�»:2 ! 7<;ÝuÑ�����% ·�%�»:2 "8# Ü/7<;@

ô�¬�© ­�ÍN°	¸LºB½�ý+°Ô¶Éº�¸L² ±�Ó e	±h²�Ö	ºp¶

ù Y]Y[~2��Wkl0g2efýàY]\Ü�n~2\�_ae}g�`$Y `$YB�E`$^[W � ��\mWkY|sTe�^[`$� Wkl2WZ�:Wk`$y�W�
:`$g�`$Ymúr`fY e��M\m^a`$b"�}\:Y�`f^[WZ_[�$�½_aWZ�:`$Y
\½£�WZ¤�Wkg2`$Y��M\myke�`$yk¤�e$^[W�_[��e0ú�sTe�^a`f�ï^]\d`$yZW�
:`$g�`$Y�`��2`$^]_[Wk^�g�`fY�sT~2l2b"�}\:YKg2WkY]�Me�l2WZz2WkyZW�
d`$g2`$Y��M\my¢`
z2WZz2ykWZef_a\m�d`��|h pOú��me���e2o

• ÝuÑ����)º0Ü)Ü>o�^]\m_[e�^[l�`�e�^]\:Y[~0yZ_�`fg2e�g�`�`$g2WZbdc$e�g2\�g2e�WZY�e��M\:^[`$l2g2e�Y"Â

• ÝuÑ����{Æk¹(�Ro�^]\m_[e�^[l�`�e�^]\:Y[~0yZ_�`fg2e�g�`�Y[~2z�_a^a`fbdc$e�g2\�g2e$WkY�e��M\:^[`$l2g2e$Y�Â

• ÝuÑ����qÝH¹8+�o�^]\m_[e�^[l�`�e�^]\:Y[~0yZ_�`fg2e�g�`�� ~2yZ_[WZ�2yZW��d`$b:c$e g2\'g0e�WkY�e��M\m^a`$l0g2e�Y�Â

• ÝuÑ����m·�¶ " o�^]\d`$yZW�
:`�`�� ~2g2`$l2bd`�g2\�Y[WZl�`$yè\m�ï~2�ïe��M\m^a`$l2g0e�Â

• ÝuÑ����qÝR¼mÜ>o��:`$yZ�:~2yk`�e��$ª}g0~2yke�g0\'~0�ïe��M\:^[`$l2g2e>Â

• ÝuÑ����mÑ
¼BAMo�^]\m_[e�^[l�`�e�^]\:Y[~0yZ_�`fg2e�g�`��Me$_a¡ml2�mW¢`�g2\�~2�ïe��M\m^a`$l2g0e�Â

• ÝuÑ����«¿�¼)¼q»Mo�^[\½_ae�^]l�`�e�^[\mY[~2y�_�`$g2e�g�`�^[`$��
 Ó�Ì[Ã�¹½ÀÍº�¿ g2\'~0�ïe��M\m^a`$l2g0e2t

�K\:Y]Ya`Ñz2Wkz0ykWZe$_[\:�:`�`$Y¸e��M\:^[`$b��}\mY�`$^]WZ_a�+�½_aWZ�d`fYwYac$eÑ^]\d`$yZW�
:`$g�`$Yw��`$Y]Y[efýà`Eýà�2`$Y[Y]eÑ�Me�WkYmúä\:�
¤�\m^a`$yFú0`fY)sT~2l2b"�}\:Y�YØª��M\m^[��WZ_a\m�.s�`s
:\m^�e��M\m^a`$b"�}\:Y��:e���`$�M\ml�`$Y�§|e��M\:^[`$l2g2e$Y�g2\¸�d`$g2`B��\"
$t
pOe�^K\Õ£0\m���2yke6�2`$^a`�^]\d`fykW�
:`$^�`�e��M\m^a`$b:c$e

c = 4a3 + 27b2 úM�Me}g0\½ýàY]\|�2^[e}�m\:g2\m^Xg2`�Y[\:¤$~2Wkl&_a\
�6`$l2\:WZ^a`�o
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]�t_]�t��H\:Y]_a`$l2g2e�`�\:l&_a^a`fg�` Ó ���������������

��~2l0bdc$e j �M\:^[`$bdc$e
ÝuÑ����mÑ
¼BA��m¹&%C2ïº542º54�D$7

a← a3ÝuÑ����qÝH¹8+E�m¹&%C2ïº542º54GF87
a← 4a3ÝuÑ����mÑ
¼BA��m¹&%C2H��4���4JI�7
b← b2ÝuÑ����qÝH¹8+E�m¹&%C2H��4���4JILK87

b← 27b2ÝuÑ����)º0Ü)Ü32 # 4^º54M��7 c← 4a3 + 27b2

ô�¬ïô �w°Ô¶�±�ºB»�¿(µ º °Ô»a±:¸�ºp¿�º Ë

�)e���e��}WkY�_ae6l2eÜ��`$�2�Z_[~2yke�\2úR`fln_a\mYXg0\|Wkl2WZ�:Wk`$^�`�s�`f_[e�^a`$b:c$e�g2\
n
�|WZln_[\:^[\mY[Y[`$ln_[\B�n~2\BY]\â#[`

��\:^]WZþ��:`$g2eKY[\
n
�v~2�ßl}�2��\:^]eK�Me�Y[Y]WZ��\:yZ��\:ln_[\v�0^[Wk��e�e$~|~2�6`��Me$_[¡:l2�mW¢`��M\:^�sT\:W�_�`�e�~äú$`$WZl2g�`0ú

�:e$�2^[WZ�6e�`�©0t
�K\:Y�_�`|WZ�6�2yZ\m��\:l&_�`$b:c$e�sTe�W�^[\d`fykW�
d`$g2e�e'_[\:Y]_[\wg2\w�0^[Wk�6`$yZW�g�`$g0\�g0\

n
`f_a^[`U�!�mY�g�`�sT~2l2b:c$e

ÝuÑ����mÑH¿o¼,��ºN�$�mÑ{¿8% Ý�¶O�mÑäúqg2WZY[�Me�l0Wkz2WZyZW�
:`$g�`´�M\:y¢` z0Wkz2yZWkef_a\m�d`��'h�pOtOxrY]_�` sT~2l2b:c$e#^]\d`$yZW�
d`´e
_a\mY]_[\��0^[e�z�`fz2WkyZ�ZY]_[WZ�:e´g2\��2^[WZ��`$y�WZg�`fg2\�g2\Üh WZykyZ\:^uýÚ)w`fz2WZl!g2\6`$�:e$^[g2e �me��®~2�®l}�2��\m^[e g2\
_a\mln_a`f_aW��f`$Y�g2\½þ�l2Wkg0e �M\mykei�2^]e�¤�^[`$��`fg2e�^:t���e�Wr\mY]_�`fzM\:yZ\:�:WZg2e ~0�®yZWk��Wå_a\ g2\ ¥ ¨Ñ_[\:l&_�`f_[WZ�f`fY
��`$^[`���\m^[WZþ2�d`$^�`#�0^[Wk�6`$yZW�g�`$g0\�g0\

n
úr^[\mg2~�
:WZl2g2e!`$Y �Õû2`$l2�m\:Y�g2\Ü~2� l}�2��\:^]e
�me��6�Me$Y]_ae

^[\½_ae�^]l�`$^�6u�2^]eÆ�E`U��\myk��\:ln_[\��2^[WZ�6eq7�t
j _[\:Y�_a\qg2\r�Me$_[¡:l2�mW¢`��M\:^]sT\mWZ_a`)sTe�W$^[\:`$ykW�
d`$g0e�`f_a^[`U�!�mY g�`)sT~2l2b:c$e¤ÝuÑ����mÑo¶«¿ ½ ¶ # »��'Ñ�¼NA{¶0¿��'Ñ_�`f��z
�m�ïg0WkY[�Me$l2�Z��\my�l�`�z2Wkz0ykWZe$_[\:�:`��'h�pOt>�OWkl�`$yZ��\mln_[\$ú2�2`$^a`���\m^[W�þ��d`$^�Y]\

n
���:e��0^[Wk��e�`

©0ú2�d`fyk�:~0yke�~}ýàY[\¸e
mdc(n, 6)

~0_[WkyZW�
d`fl2g2efýÒY[\�`�sT~0l2bdc$e²ÝHÑ���� "$# Ü��m¹&%nt
xrY]Ya`�Y[\m�n~2¡:l2�:Wk`�g2\)_[\:Y]_[\:Yr^[\:`$ykW�
d`fg2e�YO�:e���`¸\mln_[^a`$g�`

n
�Me}g2\�Y[\m^?��\m^[W�þ��d`$g2`¸l2e��"ª}g2Wk¤$e

`$�2^]\:Y]\:ln_a`$g2e�`�Y[\m¤�~2WZ^:t

'('BP ¿H¶�Q # ¼q·HÜ/% # ºH¼3Rá·TSLU*I% ½ 2�ÝuÑ���� # ÝuÑ��'¹�%<2�·V4WI�7YX6ZT79
" ÝuÑ$�mÑH¿8% ·H» ½ 2\[^]«¹)Ý�¶0¿o¼_% ·O-{º�+�%kÜo¼`2�·_X6I�7Eak·<[07<;
¿H¶'»)¹H¿«·_Z3;

@
'(' Þo¶{Æk»{¶ Ü{¶}Ñ
Æ'¶'¹HÜo¼�Q Ñ{¿8% Ý�º�+�%qÜHº0ÜH¶ Ño¶�+)¼cb�%L+(+«¶«¿8QkÛ{ºN�&% · ¹
Æ'ºm·{Üo¼ � Z#»{¶m·u»oº'»/%\-{ºoÆ% ½ 2�ÝuÑ����mÑH¿o¼,��ºN�$�mÑ{¿8% Ý�¶O�mÑ�2�·V4 � Z$7dS6ZT79

] ¥



]�t ©0t j z0_a\ml2bdcfe6g�`��:~2^��f`�\myk��_aWZ�d` ���������������

" ÝuÑ$�mÑH¿8% ·H» ½ 2\[^]«¹)Ý�¶0¿o¼�Ñ�¼uÆ)ÆO%,-{¶�+�Ý�¶m·H»{¶ ÑH¿8%�Ý
¼Oak·<[N7>;¿H¶'»)¹H¿«·_Z3;
@
¶�+uÆ«¶
" ÝuÑ$�mÑH¿8% ·H» ½ 2\[ ) ·&% # %mº'·HÜ�¼ ½ º'»�¼m¿Hº # º{¼#ÜH¶�·)¹0Ý�¶«¿�¼ # ¼kÝuÑ�¼uÆk»�¼(ak·>[N7>;

'('ce ¶«¿8% ½ % # º«¿ÉÆ'¶UÝ{Ü # 2�·�4gf�7ih=U � ¼k¹ÉÆ'¶}· ¶#ÜHº ½ ¼m¿'Ý�º}Ý�jq¿ÝuÑ���� "$# Ü��'¹�%<2 "8# Ü:4 ·�4kf�7<;l% ½ 2�ÝuÑ���� # ÝuÑ��m¹&%C2 "$# Üm4 � 7nh=U*Zpo(o
ÝuÑ����mÑo¶«¿ ½ ¶ # »��'Ñ�¼NA{¶0¿��'Ñ:2L·�7q79
" ÝuÑ$�mÑH¿8% ·H» ½ 2\[^]«¹)Ý�¶0¿o¼ Ü8%\-/%0Æ�%\-{¶�+�Ñ�¼m¿qIT¼k¹qDQ¶ ' ¼k¹QÑ�¼q»{¶'· # %mºÑo¶«¿ ½ ¶�%�»{º�ak·>[N7>;¿H¶'»)¹H¿«·_Z3;

@

ô�¬sú ­�®�±h°Ô»�½	¾¥µ ¿Ãº Ö¤@(¸�³�º °ÛÑ;B´±h²6ÖÁº

�w\mY]_[\q_a^[`$z�`$yZû2e2úUe��$�½_ae}g2e�g�`fY �:~2^��f`$YH\myk��_aWZ�d`fYäsTe�W�WZ�6�2yZ\m��\:l&_�`$g2e�~0_[WkykW�
d`$l2g0efýàY]\?eKY]WkY�_a\:�6`
g2\��:e}e$^[g2\ml�`$g�`$YK`fþ�l2Y���`$^[`�e$Y��Re$ln_[e�Y�g�`��m~2^]�f`�t j Y��Me�ln_[e�Y

(x, y)
\�e���`f^��$��\m_[^[e

a
g�`

�:~0^]�f`�úÆsTe�^a`$� ¤�\:^[`$g2e�Y `fyk\:`f_ae�^]Wk`$��\mln_[\?yZWk��W�_a`$g2e�YR�Me�^
n
`f_a^[`U�!�:Y�g�`)sT~2l2bdcfe¤ÝHÑ����m¹H¿{ºm·HÜ�¼�ÝuÝäú

�n~2\'¤�\m^a`�~2�ïWZln_a\mWk^]e�`$yk\:`f_�ª$^[WZe l2e�Wkl&_a\m^]�f`fyke�g2\'¨�`
n− 1

ú2Wkl0�:yk~0Y[WZ��\ft

'('cr Æ # ¼(+kà�¶ ��� ¶s� � º�+«¶)º'»�¼m¿8%«¼HÆ-�¼�%qÜ ¶{Æ # ¼(+qàoº(�mÑ
¼k·H»�¼t2 ÝHÑ����'» ��� 4áÝuÑ����'»q� � 4 # ¼k·
Æk» ÝuÑ����'»Q·�79
ÝuÑ����m¹H¿Hºm·{Üo¼kÝ)ÝV2 �&� 4X¿Hºm·HÜ�Æq»{º'»{¶34 ·�7<;ÝuÑ����m¹H¿Hºm·{Üo¼kÝ)ÝV2?� � 4X¿Hºm·HÜ�Æq»{º'»{¶34 ·�7<;@

�w�6`���\"
B¤�\m^a`$g2e$Ywe�Yw�Me�l&_ae�Y
(x1, y1)

ú
�|¤�\m^a`$g2e6e��2`$^��$��\m_[^[e
a
\fúMyke�¤�e�\:��Y]\:¤�~2WZg�`0úH�

�d`fyk�m~2y¢`$g0e'e|��`f^��$��\m_[^[e
b
g�`��:~2^��f`|g�`$g2e|�Me$^

b = y2
1−x3

1−ax1

�6e}g
n
t j Yv��`$^Ø�$�6\½_a^]e�Y

a
\

b
g2\m��\m�+Ya`f_[WkY]s�`u
:\m^

mdc(4a3 + 27b2, n) = 1
ú��me��6e�`$�2^[\mY[\mln_�`fg2e�`�Y[\:¤$~2Wk^mt

'('cr Æ # ¼(+kà�¶Tº º�+«¶)º'»�¼m¿8%«¼Q¶ # º�+ # ¹/+«ºs��4 º'»o¶ ¸'¹�¶ Æ'º«»/%0Æ ½ º # ºTº{Æ # ¼k·HÜ/% # ¼«¶{Æ#Üo¼
]�§
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'(' º�+ " ¼m¿8%k»«Ý
¼3u�Û{¶'»�¼m¿«·oºT¶qÝ "$# Ü ¼¥Ý{Ü # 2?F{º�jND*vwILKE�/j0I54 ·�7tu-�¼�%qÜ ¶{Æ # ¼(+qàoº(�)º52 ÝHÑ����'» "$# Üm4áÝuÑ����'» º54áÝuÑ����'»w��4 # ¼q·
Æk» ÝuÑ����'» ��� 4
# ¼k·
Æk» ÝuÑ����'»q� � 4

# ¼k·
Æk» ÝuÑ����'»Q·�79
ÝuÑ����'»Q»«ÝuÑ � ;ÝuÑ����'»Q»«ÝuÑ$I5;
ÝuÑ�����% ·�%�»:2L»0ÝuÑ � 7>;ÝuÑ�����% ·�%�»:2L»0ÝuÑ$I�7>;
Üo¼
9
'('dr Æ # ¼(+qào¶Tº º�+«¶)º'»�¼m¿8%«¼3u
ÝuÑ����m¹H¿Hºm·{Üo¼kÝ)ÝV2�º34 ¿Hº'·HÜ�Æk»{º«»{¶54ß·�7<;
'('sx º�+ # ¹/+«ºs�qU.� �0y � � Q ���0yB���EyB��� Q}º yN���ÝuÑ����mÑ�¼BA��'¹�%<2=�V4J� � 4kI�7<;ÝuÑ����mÑ�¼BA��'¹�%<2L»0ÝuÑ � 4 ��� 4JD$7<;ÝuÑ����{Æ�¹(�:2H��4���4�»«ÝuÑ � 7<;ÝuÑ����qÝu¹8+>28»«ÝHÑ � 4^º54 ��� 7<;ÝuÑ����{Æ�¹(�:2H��4���4�»«ÝuÑ � 7<;
'('sx º�+ # ¹/+«º6FHº�jNDwvwILK0��j0IQ¶Y-{¶«¿/% ½ % # ºAÆ'¶UÝ{Ü # 2?FHº�j0D*vwILK0�/jEI54�·�7dU � uÝuÑ����mÑ�¼BA��'¹�%<2L»0ÝuÑ � 42º54�D$7<;ÝuÑ����qÝu¹8+E�'¹�%<2L»0ÝuÑ � 4 »«ÝuÑ � 4JF87<;ÝuÑ����mÑ�¼BA��'¹�%<2L»0ÝuÑ$I54���4JI�7<;
ÝuÑ����qÝu¹8+E�'¹�%<2L»0ÝuÑ$I54 »«ÝuÑ�I54WILK$7<;
ÝuÑ����)º«Ü)Ü328»«ÝHÑ � 4ß»«ÝuÑ � 4 »«ÝuÑ$I�7<;
'(' # º�+ # ¹/+«º�Ý{Ü # ¶ º«¿'Ý�ºE�{¶m·oºT¶qÝ "$# Ü�uÝuÑ���� "$# Ü32 "$# Üm4 »«ÝuÑ � 4 ·�7<;

@ A0à&%E+«¶i2 ÝuÑ���� # ÝuÑ:2 "$# Üm4ß·�7cU(U*ZT7<;@

ô�¬ïü Ì�ºpÑ"Öf@(Ñ�ºB»�¿(µ ò

j � ~2y�_aWZ�2y�WZ�:`$g2e�^
k
g2\½��\|Y[\m^K_[e��6`$g2e��me���e�~2�ï�2^]e}g2~0_ae�g2\'�0^[Wk��e�Y��R\m�n~2\:l0e�YX\myk\m�E`$g2e�Y

`#�Me$_a¡ml2�:Wk`$Y�`$g2\m�n~�`$g�`fY:ú��me�l0sTe�^]�6\Üg0\m_a\m^[��Wkl�`�e�`fyk¤�e�^]W�_a��e�g2e!�+�m_[e}g2e
g2\Üs�`f_[e�^a`$b:c$e2t
�w\mY]_a`�Wk���2yZ\m��\:ln_a`$b:c$e2ú�e��0_ae$~�ýàY]\��Me�^��:`$yZ�:~2yk`$^

k
s�`s
m\:l2g0efýàY]\$o

]s^
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k = 2bln B/ ln 2c · 3bln B/ ln 3c · ... ·B

�Ke´��`$�2�Z_[~2yke�©�Yac$eÑ`$�2^]\:Y]\:ln_a`$g2e�Y¸e�Y¸g0WZ��\:^]Y[e�YX�E`$yke$^[\:Y¸`f_[^[WZz2~2�kg0e�YX`feÜ��`$^Ø�$�6\½_a^]e
B
t

VX\m�Me�WkYKg2\|\:Y�_�`$zM\myk\m�:WZg2e�\mY]_[\B��`f^��$��\m_[^[e2ú�e6� � yk�m~2yke�g2\
k
sTe�W \Õ£�\:�m~0_�`$g0eÑ~�_aWkyZW�
:`$l2g2efýÒY[\�`

sT~2l2b:c$e�ÝuÑ����m·�¶ � »0Ñ{¿8% Ý�¶��n~2\X~0Ya`|~2�3`fyk¤�e$^[W�_[��e��2^]e�z�`$z2WZyk��Y]_aWZ�me'�2`$^a`'Wkg0\:ln_[WZþ2�d`$^q�2^[WZ�6e$Y:tù _a^a`d�!�:YHg2\mY]_�`�sT~0l2bdc$e�sTe�^[`$��_ae��6`$g2e$Y e$YHln�2��\:^[e$YH�2^]Wk��e�Y�g0\)§�`f_Ø�qew�2`$^��$��\½_a^[e
B
\$úE\:�

Y[\m¤�~2WZg�`0ú \mY[Y[\mY|�2^[WZ�6e�YXsTe�^[`$�ì\myk\½�f`$g2e$YB�Ñ�Me$_a¡ml2�:Wk`$Y'`$g2\m�n~�`$g�`$Ymt6xqY]Y[\mYB�0^[e}�:\mg2Wk��\mln_ae$Y
�Me}g2\m�+Y]\:^���\:^]WZþ��:`$g2e�YK`�Y]\:¤�~0Wk^:t

A0à�%L+«¶i2 ÝuÑ���� # ÝuÑ:2�Ñ{¿8% Ý
¼i4�z/7YXLUwZT79
¶ � Ñ
¼«¶m·u»{¶*Uq+)¼ " 2 ÝHÑ���� " ¶'»��«Üm2Hz�7(7 ' +u¼ " 2 ÝHÑ���� " ¶'»��«Üm2�Ñ{¿8% Ý
¼�7(7>;ÝuÑ����mÑ�¼BA��'¹�%<2�Ñ
¼q»o¶m· # %'º54ßÑH¿8%�Ý
¼i462�¹)·RÆO% " ·o¶0Ü87 ¶ � Ñ�¼0¶m·u»{¶�7>;ÝuÑ����qÝu¹8+>2 ! 4 ! 4áÑ�¼q»o¶m· # %mº$7<;ÝuÑ����m·o¶ � »)ÑH¿/%�Ý�¶i2LÑH¿/%�ÝR¼t4ßÑH¿8%�Ý
¼�7<;@

ô�¬g{ Ì�ºpÑ"Öf@(Ñ�ºB»�¿(µ ò:õ

ù Wk���2yZ\:��\mln_a`$bdc$e�g2`Ke$�M\:^a`fbdc$e
kP
úfg2\v`$g2WZbdc$e�g2\q�Re$ln_[e�YHl2`K�m~2^]�E`0úEsTe�W&^]\d`$yZW�
:`$g�`�`f_a^[`U�!�mY

g2e�Y�^�Y[\m¤�~2Wkl&_a\mYK��`$Y]Y[e�Ymo

¥ tKpr^[WZ��\:Wk^[`$��\:l&_a\XsTe�Wèe�z0_[Wkg�`�`�^]\:�2^]\:Y]\:ln_a`$bdcfe�z2WZl � ^]W¢`Bg2\
k
`f_a^[`U�!�mYKg�` sT~2l2b:c$e

ÝuÑ����{Æ�%,�H¶�%�·(��º{Æ«¶Üg2`�z2Wkz0ykWZe$_[\:�:`��|h�pÛÂ
§�tw�)e$��z2`$Y[\Ñl2\mY]_�`
^]\:�2^]\:Y]\:ln_a`$bdcfe2úqsTe�^a`f� �:`$yZ�:~2yk`$g2e�YBe�Y �Me�l&_ae�Y

2iP
ú
1 ≤ i ≤ r

ú
�me���e `$�0^[\:Y]\:l&_�`$g2e \m��\2t_]�t ¥ úH`f_a^[`U�!�mY'g�`$Y�sEª$^[� ~2y¢`fY�g0\6`$g2WZbdc$e´g2\��Me�ln_[e�Y'g�`fg�`$Y
l0e���`$�2��_a~2yZe§^0trxrY[Y[\mY��Me�l&_ae�Y�sTe$^a`$�ö`$^[�6`s
:\ml�`$g0e�Y)l2`|_�`fzM\:y¢`�»{º0�o¶�+«º2t ù Y[\:¤$~2Wk^��
��e�Y�_a^a`fg2e�e���ª}g2WZ¤�e��n~2\'WZ�6�0yk\m��\:l&_�`�`fY�e��M\:^[`$b��}\mYK^[\:`$ykW�
d`$g2`$Y�l2\:Y]Y[\|��`fY[Y[e0t

'(' Þ{¶'·u»{º # º�+ # ¹8+«º0¿ ! P u x º{Æ0¼ # ¼q·
ÆO% " º34 ¿H¶'»�¼'¿«·oº � u x º{Æ0¼U·oºH¼ # ¼k·
Æ�% " º54'(' "$# Ü # ¼q·u»{¶«¿Hº ¼¥Ý{Ü # ¶m·H»u¿H¶_% ·�-m2 � ' IL� � 7 ¶}·�4 ¶#¿{¶'»�¼m¿«·�ºwZ:u¹)·
ÆO% " ·o¶«Ü # º�+ # ¹8+«ºO� ! P 2 ÝHÑ����'» "$# Üm4 # ¼q·
Æk» ÝHÑ����'» ! 4 # ¼k·
Æq» ÝuÑ����«» ��� 4
# ¼k·
Æq» ÝuÑ����«»*� � 4 # ¼k·
Æq» ÝuÑ����«» º54 # ¼k·
Æk» ÝHÑ����'» ·&7

]u\
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9
¹)·
ÆO% " ·o¶«Ü|%<;ÝuÑ����'»1+«ºqÝO�{ÜHº54ß»«ÝuÑ � 4 »«ÝuÑ�I3;ÝuÑ����'»ÉÆ0¼�Ý�ºO�mÑ�¼k·u»�¼5}?IE~:;
ÝuÑ�����%�·�%�»m2�+«ºmÝO�{ÜHº$7<;
ÝuÑ�����%�·�%�»m28»«ÝHÑ � 7<;ÝuÑ�����%�·�%�»m28»«ÝHÑ�I$7<;
ÝuÑ�����%�·�%�»m2;Æ0¼kÝ�ºO�mÑ
¼k·H»�¼3}HZL~87>;
ÝuÑ�����%�·�%�»m2;Æ0¼kÝ�ºO�mÑ
¼k·H»�¼3} � ~87>;
'('Yx ¼q·
Æk»u¿«¹/a # 9 # @ aO� 9 º @ ¼ ÜHº�»{º0�o¶�+«ºmR�% ·&% # %mº�+�%,�Hº ÑH¿8%�Ý�¶�%k¿o¼}Ñ
¼k·u»�¼ÝuÑ����{Æ«¶'»��m¹&%C28»{º0�o¶�+«º:}HZL~�}?ZE~:4 ��� 7<;ÝuÑ����{Æ«¶'»��m¹&%C28»{º0�o¶�+«º:}HZL~�} � ~:4J� � 7<;
'('Yx ¼q·
Æk»u¿«¹/a # 9 # @ aO� 9 º @ ¼ ÜHº�»{º0�o¶�+«ºmR # º�+ # ¹8+«º Ü{¶qÝ�º�%0ÆUÑ�¼k·u»�¼uÆ
½ ¼m¿32�%NU � ;�%NXmÝuÑ����{Æ�%,�H¶$% ·O�oºoÆ'¶52 ! 4gI$7<;�%Bv(v$79
'(' # º�+ # ¹8+«ºT+«ºmÝO�HÜHºÝuÑ����mÑ
¼BA��m¹&%C2�+«ºmÝO�{ÜHº34ß»{º0�o¶�+«ºm}�%(Q � ~�}?ZE~:4WI$7<; 'O' +«ºqÝO�{ÜHºmR ��� j0IÝuÑ����qÝH¹8+E�m¹&%C2�+«ºmÝO�{ÜHº34�+«ºmÝO�HÜHº54kD$7>; 'O' +«ºqÝO�{ÜHºmR�D ��� jEIÝuÑ����)º0Ü)Ü32�+0ºqÝ��HÜ{º54l+«ºqÝO�{ÜHº54^º�7<; 'O' +«ºqÝO�{ÜHºmR�D ��� jEI6vQºÝuÑ����qÝH¹8+E�m¹&%C28»«ÝHÑ � 4ß»{º0�o¶�+«ºm}�%(Q � ~�} � ~:4WI$7<; 'O' »«ÝuÑ�R�IL� �
'('s� ¶�·oºH¼ ¶ � %0Æq»{¶_% ·�-{¶«¿�Æ0¼3u(u(u% ½ 2�ÝuÑ����$% ·O-{¶«¿)»m28»«ÝHÑ � 4ß»«ÝHÑ � 4�·�7dU(UwZT79
ÝuÑ���� "8# Ü32 "8# Ü:4ß»«ÝHÑ � 4�·�7>;ÝuÑ���� # +«¶)º«¿m2�+0ºqÝ��HÜ{º�7>;ÝuÑ���� # +«¶)º«¿m2L»0ÝuÑ � 7>;ÝuÑ���� # +«¶)º«¿m2L»0ÝuÑ$I�7>;ÝuÑ���� # +«¶)º«¿m2�Æ)¼�Ý�º(�'Ñ�¼q·u»�¼5}?ZE~/7<;ÝuÑ���� # +«¶)º«¿m2�Æ)¼�Ý�º(�'Ñ�¼q·u»�¼5} � ~/7<;¿H¶'»0¹H¿0·_Z5;

@
'(' +«ºqÝ��HÜHºmRE2gD � jEILvHº�7 y %�·O-o¶«¿�Æ0¼L�qÝR¼mÜ��m·�2�IL� � 7ÝuÑ����qÝH¹8+>2�+0ºqÝ��HÜ{º54l+«ºqÝO�{ÜHº54ß»«ÝuÑ � 7<;
'(' # º�+ # ¹8+«º � º'»)¹oº�+ÝuÑ����mÑ
¼BA��m¹&%C28»{º0�o¶�+«º:}�%B~�}?ZE~:4�+«ºmÝO�HÜHº54WI$7<;
ÝuÑ����qÝH¹8+E�m¹&%C28»«ÝHÑ � 4ß»{º0�o¶�+«ºm}�%(Q � ~�}?ZE~:4WI$7<;ÝuÑ����{Æk¹(�:2L»oºN��¶�+0ºm}�%,~V}HZL~m4 »{ºN�o¶�+«ºm}�%,~V}HZL~m4 »«ÝuÑ � 7<;

]!]
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ÝuÑ����qÝR¼mÜ32L»oºN��¶�+0ºm}�%,~V}HZL~m4 »{ºN�o¶�+«ºm}�%,~V}HZL~m4ß·�7<;
'(' # º�+ # ¹8+«º6�Tº'»)¹oº�+
ÝuÑ����{Æk¹(�:2L»0ÝuÑ � 4 »{ºN�o¶�+«ºm}�%(Q � ~V}HZL~m4 »{ºN�o¶�+«ºm}�%B~�}HZL~87>;ÝuÑ����qÝH¹8+>2L»oºN��¶�+0ºm}�%,~V} � ~m4 »«ÝuÑ � 4�+«ºqÝO�{ÜHº�7<;ÝuÑ����{Æk¹(�:2L»oºN��¶�+0ºm}�%,~V} � ~m4 »{ºN�o¶�+«ºm}�%,~V} � ~m4 »{ºN�o¶�+«ºm}�%OQ � ~�} � ~/7<;ÝuÑ����qÝR¼mÜ32L»oºN��¶�+0ºm}�%,~V} � ~m4 »{ºN�o¶�+«ºm}�%,~V} � ~m4ß·�7<;@

^0tKxr�ÿY[\m¤�~2WZg�`0ú8sTe�WqsT\mWZ_a` ~2�6` �E`$^[^]\:g2~0^a`#l2` _�`$zM\my¢`�»{ºN�o¶�+«º2úqe�z�_aWkg2` l2e#��`fY[Y[e
`$l�ý
_[\:^[WZe�^múO\6�d`fyk�:~0y¢`$g�`fY|`$Y|Y[e$��`fY|��`$^]�:Wk`$WkY�g2e�Y'�f`fyke�^]\:Y

2iP
ú8��`$^[` e�Y|�n~�`$WZY

ki = 1
ú

�me�l0sTe�^]�6\�`$�2^[\mY[\mln_�`fg2e6\:�É\0t�]�t ¥ t

'('*) ·&% # %mº�+�%,�HºAÆ0¼�Ý�º�Ñ�¼q·u»�¼uÆiR º'»H¿8%��)¹�% ¼MÑ{¿8%�Ý�¶�%q¿o¼}Ñ�¼k·u»�¼TÆO% " ·&% ½ % # º'»�%\-�¼
½ ¼m¿32�%NUOZ5;�%NXmÝuÑ����{Æ�%,�H¶$% ·O�oºoÆ'¶52 ! 4gI$7<;�%Bv(v$79
% ½ 2�ÝuÑ����'»
Æk»L��%k»m2 ! 4�%(7cU(U*ZT7
# ¼k·u»/%�·)¹o¶5;ÝuÑ����{Æ«¶'»m2�Æ)¼�Ý�º(�'Ñ�¼q·u»�¼5}?ZE~:4ß»{º0�o¶�+«ºm}�%,~�}?ZE~/7<;

ÝuÑ����{Æ«¶'»m2�Æ)¼�Ý�º(�'Ñ�¼q·u»�¼5} � ~:4ß»{º0�o¶�+«ºm}�%,~�} � ~/7<;�H¿H¶)º ! ;@
'('s� ¼kÝ�º ¼uÆUÜH¶mÝ�º�%0ÆUÑ�¼k·u»�¼uÆQÆO% " ·�% ½ % # º'»�%\-�¼uÆ
½ ¼m¿32�%NU$%Bv � ;�%NXmÝuÑ����{Æ�%,�H¶$% ·O�oºoÆ'¶52 ! 4gI$7<;�%Bv(v$79
% ½ 2�ÝuÑ����'»
Æk»L��%k»m2 ! 4�%(7cU(U*ZT7
# ¼k·u»/%�·)¹o¶5;

ÝuÑ����{Æk¹(�:2�+0ºqÝ��HÜ{º54 »{ºN�o¶�+«ºm}�%,~V} � ~m4ZÆ0¼�Ý�ºO�mÑ�¼k·u»�¼3} � ~/7<; '(' +0ºqÝO�HÜHº:RM��ITQ�� �ÝuÑ����{Æk¹(�:2L»0ÝuÑ � 4 »{ºN�o¶�+«ºm}�%,~V}HZL~m4ZÆ0¼�Ý�ºO�mÑ�¼k·u»�¼5}?ZL~87<; '(' »0ÝuÑ � R � ITQ ���
'('s� ¶�·oºH¼ ¶ � %0Æk»o¶_% ·�-{¶«¿�Æ0¼3u(u(u% ½ 2�ÝuÑ�����%�·O-{¶«¿)»m28»«ÝHÑ � 4ß»«ÝHÑ � 4�·�7dU(UwZT79
ÝuÑ���� "8# Ü32 "8# Ü:4ß»«ÝHÑ � 4�·�7>;ÝuÑ���� # +«¶)º«¿m2�+0ºqÝ��HÜ{º�7>;ÝuÑ���� # +«¶)º«¿m2L»0ÝuÑ � 7>;ÝuÑ���� # +«¶)º«¿m2L»0ÝuÑ$I�7>;ÝuÑ���� # +«¶)º«¿m2�Æ)¼�Ý�º(�'Ñ�¼q·u»�¼5}?ZE~/7<;

]$©



]�t ¦ t-��`$yZ�:~2yk`$l2g2e*� È ���������������

ÝuÑ���� # +«¶)º«¿m2�Æ)¼�Ý�º(�'Ñ�¼q·u»�¼5} � ~/7<;¿H¶'»0¹H¿0·_Z5;
@
ÝuÑ����qÝH¹8+>2�+0ºqÝ��HÜ{º54l+«ºqÝO�{ÜHº54ß»«ÝuÑ � 7<; '(' +«ºqÝO�{ÜHºmRG��ITQ�� y % ·O-{¶0¿�Æ0¼L�qÝR¼mÜ��m·�2 � I�Q ��� 7
ÝuÑ����{Æ«¶'»m2L»0ÝuÑ � 4ZÆ0¼�Ý�ºO�mÑ�¼k·u»�¼5}?ZE~/7<; '(' " ¹�º«¿)Üo¼ ��� Ü{ºT%�»{¶«¿{º�a # 9 # @ aO� 9 º @ ¼ º'·u»{¶«¿8%0¼m¿ÝuÑ����{Æ«¶'»m2L»0ÝuÑ$I54ZÆ0¼�Ý�ºO�mÑ�¼k·u»�¼5} � ~/7<; '(' " ¹�º«¿)Üo¼s� � Ü{ºT%�»{¶«¿{º�a # 9 # @ aO� 9 º @ ¼ º'·u»{¶«¿8%0¼m¿
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C �,S �2�1�2���1� ��S �1�2��C��1� �,S �2�1�,C��2� ��S �1�2�,C[�X� �,S �2�2�1�2��� �,S �1�2�1�2�2�� �,S �2�1�2�1��� ��S �1�2�(�X�1� �,S �2�1�1�X�1� ��S �1�2�1�2��� �,S �2�2�1�2��� �,S �1�2���(���� �,S �2�1�1����� ��S �1�2�1�2�:C �,S �2�1�(�X�(� ��S �1�2���1�2� �,S �2�2�1�2��� �,S �1�2�2�2�,C� �,S �2�(���2�1� ��S �1�2�1�X�1� �,S �2�(�:C��1� ��S �1���1�2�2� �,S �,C���CK�2� �,S �1�2�(�X�1�� �,S �2�1�2�2�2� ��S �1�2�1�2�2� �,S �,C[�1�[��� ��S �1�1���(�X� �,S �2�2�(���X� �,S �1�(�[����C� �,S �1�2�1���2� ��S ��C��1���2� �,S �2�1�2�2�1� ��S �1�2������� �,S0CK���1�,C-� �,S �1�2�2����C� �,S �2�1�2�2��� ��S �(���1���2� �,S �2��CK�2�2� ��S6CK�2�2�(��� �,S �2�,C1C2CK� �,S �(���1�1�X�� �,S �2�(���2�2� ��S ���X�1���2� �,S0C��2�1�1��� ��S �2�1���(�X� �,S �1�����X�2� �,S��1���(������ �,S0CK�2�2�2�,C ��S6C1C-�:���X� �,S �2�1�1�X�(� ��S �2�2���1�2� �,S��X�1�1����� �,S��2�2�2�,C��CK� �,S �1�2�(���1� ��S �2�2�1�:C�� �,S �2�1�2�2�2� ��S �(�1���2��� C2S���C��2�(�X� �,S��(���X�1���C1C �,S �1�1�2���2� ��S �����X����� C2S �2�(�1����� C1S �(�1�X�2�2� �:S �2�2���X�2� �,S �(�2�2���(�C[� �,S��X���[�(��� C1S �1�1�2���2� C2S0C��1�,CK��� �,S �2�2�1�2�2� �:S������1���1� �:S0CK�2�,C-�(�CK� �:S �1�2�1�2�:C C1S �1�2�1���1� �,S �1�2�(�X�(� ��S �2�1�2�X�1� �,S ���1���X��� �:S ���X�2�2�2�C�� ��S��X��C��2�1� ��S �2�1�2�X��C ��S0C��1�1���2� ��S �2�(���2�1� CK�:S �(�2���1�X� �,S0C���C��1�2�C[� CK�,S �1�2�2�2�2� CK�,S �,CK���(��� ��S �,C[���2�,C ��S �2�(�2�1��C �,C2S �1�2�2�1�X� CK�,S �2�2�2�2�2�CK� �X��S �1�2�1�2��� ����S��X�1�2�2�2� �:C1S �1���(����� �2�,S �1�X�1���1� �2�,S �(���2�1��� �1��S �(�X���1�2�CX� C��1�,S �1���2�2�2� ����S �2�(�[�1�2� �1�,S �1�2�2�,C-� ���:S �2�2�2�1�:C �[��S �(�:C��,C-�(� �1��S �(���X�1�1�CK� C-�(�,S��X�2�1����� �1�,S �,CX�X���1� �(�:S �1�2�2�,C�� �2��S��1��C2C��(� �,C2S �1�1���2��� C[����S �1���1���2�CK� � C��1�,S �����:C��2� C��(�:S �2�,C��,C-� C��1��S �(�X�2�2�(� ���2��S��X�1�:C%�(� �2�2��S ���,C��2�2��2� � �,C2C1S6C1C[���X�2� ���(�:S �2�2�2�2�2� �2�,C1S �2�X�1�,C�� �,CK�,S �(���X���(� ��C���S �1���,C��(�

íå´0� Ææ�E���0  �0²��g¢^©g¢^­(®��0¨��E©M��¢·©�¬�£Á®��0¨��E©Ê¯^�E 
B = b 6

√
nc ²$�0����ÆÇ�N®��0��¢^©Ê¨�¢ Î:��¢lÐ�
¨�¹§«E¤§®��E©5¨�¢^¯^¤§ »�0¤¥©·äL²/�0¤¥©3¢·©�©�¢·©:®�¢·©g®�¢·©�¢�½�¤¥«E¤¥�0 1��¬�®�¤§£¥¤§¦^�0³^´0��¨�¢· »�0©�¤¥�0¨$�	¨�¢ª »¢· ��0��¤¥���°Ë���ä
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�t¤¥«E¬����µÍ�¾ÁÎEú â �E �²$�0���N®�¤Á¸E�µ¢^­L®���¢ �E©�®�¢· �²/�E©ª¨�¢ ¢�½�¢·¯^¬�³^´0��¾

®��0��­$�0­�¨���¤§­(¸O¤���¸E¢^£Ù©g¬$�±¢�½�¢^¯·¬�³�´N��¾
¿	©J�g¢^©�¬�£§®��N¨��E©J ��E©?®����N¨��E©�­$�dñt�0º/¢·£û�dÍ�¾ÁÎEä¼®��0 �º/¶^  ²/�O¨�¢·  ©�¢^��¸O¤¥©�¬��0£¥¤§¦��0¨��E©G­$�

�i¤§«E¬����JÍ�¾ÁÎE¾��i�0���JÃ$­�©�²��[�N®�¤§¯^�0©^ä:­��0©µÃ$«0¬����0©µ�E©±¯·�E­BÂg¬�­L®��E©±¨�¢�®�¢^©?®�¢·©���¢��N£¥¤¥¦^�0¨��0©�²$�0���
¯��N¨$�µ®�¶·¯^­�¤§¯��±¨�¢¼¯(�0£¥¯·¬�£¥�µ¨�¢

B
©g¢^��´N��¨�¢^­��N®��0¨��0©°¨$�µ©�¢^«0¬�¤¥­L®�¢  »�0­�¢·¤¥����ú

• B = b 6
√

nc ²/�E� B1 	
• B = b 7

√
nc ²/�E� B2 	

• B = b 8
√

nc ²/�E� B3 	
• B = b 9

√
nc ²/�E� B4 	

• B = b 10
√

nc ²/�0� B5 	
• B

¨$�0¨���²/¢·£¥�0©ª²$�0��ï0 �¢·®��g�E©J�0®�¤¥ ��E©�²/�0�
B6
¾
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�i¤§«E¬����	Í�¾ Ð�ú â �E �²$�0���N®�¤Á¸E��¢·­(®���¢ª�E©5®�¢· »²/�E©3¨�¢ª¢�½�¢^¯·¬�³�´0�À¢· 
B = b 8

√
nc ¢ B

¨$�N¨�� ²/¢^£§�E©
²$�0��ï0 �¢·®��g�E©J�0®�¤¥ ��E©·¾

í°¢^©g©��ÉÃ$«E¬����»²/�O¨�¢�ì ©�¢Å�Eº�©�¢·�g¸N�N�	ë(¬�¢Å¨�¢^­L®���¢��0©å®�¶^¯·­�¤¥¯^�0©å®�¢·©g®��N¨$�0©é²$�0���É�É¯��N£¥¯·¬�£¥�»¨�¢
B
ä3­�¢^©�©��k¤¥ �²�£§¢^ �¢·­(®��0³�´N��äi�J �¢^£����E�¼®�¢^ �²/�J¨�¢�¢�½�¢·¯^¬�³�´N��¨��W�0£§«E�E�g¤Á®� ±�G�O¯^�E�g��¢·¬�²$�0���

��²$�N��ï0 �¢·®����
B = b 8

√
nc ¾Mñt�0 �º/¶·  ¶»­��0®X��¸E¢^£:ë(¬�¢É�G®�¢· »²/�G¨�¢»¢�½�¢^¯·¬�³�´0�k »�0¤§©¼£§¢^­L®��

¨�¢·­(®��g¢À�0©�®�¶^¯·­�¤¥¯^�0©�®�¢^©?®��0¨��0©°�O¯·�E���g¢^¬M²$�0���
B = b 6

√
nc ¾

�°  ¯·�E »²��0���N®�¤§¸E�k¢·­(®���¢M�k®�¢· »²/�W¨�¢Ê¢�½�¢^¯·¬�³�´N�l�Eº�®�¤¥¨��k¢^ 
B = b 8

√
nc ¢ B

¨$�N¨��
²/¢^£§�E©é²$�0��ïN »¢�®��g�E©t�0®�¤¥ ��E©å¶��0²���¢·©�¢·­(®��N¨��Ê­$���i¤¥«0¬����ÉÍ�¾ÑÐ�¾�íå¢·©�©���Ã�«E¬�����äÙ­�´0��¶�²/�E©�©g¹§¸E¢·£
¤¥¨�¢^­L®�¤§Ã�¯��0����¯^�0 »²/�E�?®��0 �¢^­L®��À¨��E©�«0�[�NÃ$¯·�E©��N®�¶ÅÎ�ü�¨�¹¥«E¤Á®��E©·äO²/�E�g¶^ Û­��0®��,ì=©�¢éë(¬�¢	�Å®�¢· »²/�
¨�¢ ¢�½�¢·¯^¬�³�´N�É²$�N���

B = b 8
√

nc ¶  �¢^­��E�ª�N¯^¤§ É��¨�¢±Î\ãµ¨�¹§«E¤Á®��E©·¾
�° É���N­Y�0£§¤¥©�¢� »�0¤¥©µ¨�¢�®��0£��$�0¨$�W¨���¯^�E �²/�E�g®��0 �¢^­L®��W¨�¢^©g©�¢^©É«E�K�NÃ$¯^�0©�²��O¨�¢G©g¢^��Ææ¢·¤§®��

��²$�0�?®�¤¥�±¨$���t¤¥«E¬�����Í�¾0��ë(¬�¢� »�E©?®������E©»«E�K�NÃ$¯^�0©É¨�¢
B = b 8

√
nc ¢G¨�¢ B

¨��0¨��l²/¢^£§�E©
²$�0��ï0 �¢·®��g�E©@�0®�¤§ »�0©i²�£§�0®��N¨��E©i©��Eº���¢�¬� �¢^¤è½���£§�E«L�0�g¹Á®� ±¤§¯·��¾>Ëd²$�0�g®�¤¥�t¨�¢^©g©���Ã$«E¬����	­��0®��Bì=©g¢
ë(¬�¢ª� ®�¢^ �²/� ¨�¢ª¢�½�¢^¯^¬�³�´0�À¢^­L®���¢ª�0©m¨��0¤¥©3«E�K�NÃ$¯·�E©m¶�º$�0©?®��0­L®�¢�¸N�N��¤û�N¨�� �N®�¶�Î�ü ¨�¹§«E¤Á®��E©·äE­$´N�
²/�E©g©�¤¥º�¤¥£¥¤Á®��0­�¨���¤¥¨�¢·­(®�¤ÁÃ$¯��N��ë(¬$�N£C�± »¢·­��E��®�¢^ �²/�±¨�¢ ¢�½�¢·¯^¬�³�´N�É­�¢·©�©��±ÆÇ�0¤Á½���¾3í°��¢·­(®��N­(®���ä
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�i¤§«E¬����éÍ�¾6��ú@� �K�NÃ$¯^�0©3¨��E©5®�¢^ �²/�E©5¨�¢�¢�½�¢·¯^¬�³�´N�À�0º�®�¤§¨��E©i²$�0���
B = b 8

√
nc ¢ B

¨��0¨���²/¢^£§�E©
²$�0��ï0 �¢·®��g�E©J�0®�¤¥ ��E©·¾

�±²��0�g®�¤¥��¨�¢±Î,ã�¨�¹¥«0¤§®��0©��±®�¢^ �²/�±¨�¢ ¢�½�¢^¯·¬�³�´0�»¶ ©�¢· »²��g¢¼ �¢·­��E��²$�0���
B = b 8

√
nc ¾

â �N£¥¯·¬�£û�0­�¨��µ�� �¶^¨�¤¥�Å«E¢·���0£&¨��E©�®�¢^ �²/�E©�¨�¢�¢�½�¢^¯·¬�³�´0��¨�¢
B = b 8

√
nc ¢ B

¨$�N¨��µ²/¢^£§�E©
²$�0��ï0 �¢·®��g�E©��0®�¤§ »�0©µ�Eº�®�¶^ µì=©g¢GÐ���ä6��Î\ÍLÐ0Ð��J©�¢^«0¬�­�¨��E©»­���²���¤¥ �¢^¤§���J¯^�E­BÂg¬�­(®���¨�¢M¢�½�²/¢·��¤èì
 �¢^­L®��E©	¢�����ä üLð��EÐ�
Lã�©�¢^«0¬�­�¨��E© ­��Ê©�¢·«E¬�­�¨��M¯·�E­BÂg¬�­L®���¾q�=©g©��M�g¢^²��g¢^©�¢·­(®��M¬� É�É¢^¯·�E­��E �¤û�
 �¶^¨�¤¥�µ¨�¢q����äÿü0ü��Û­��µ®�¢^ �²/�±¨�¢ ¢�½�¢^¯·¬�³�´N�É¨��»�N£¥«E�0��¤Á®� ±��²$�0���

B = b 8
√

nc ¾
â �0 »���0²���¢·©�¢·­(®��N¨��±­�� â �0²�¹§®�¬�£¥�k��ä��Å®�¢· »²/�Å¨�¢	¢�½�¢·¯^¬�³�´N��¢·©g®�¤§ É�N¨��Å²$�0���Å�µ �¶·®��O¨��

¨$�0©±¯^¬��?¸N�0©�¢^£¥¹Á®�¤§¯^�0©µ¶Ê©�¬�º/¢�½�²/�0­�¢^­�¯^¤û�0£ª©g¢^­�¨��l¨�¢�Ã$­�¤¥¨���²/�E�
T ≈ e(

√
2+c2)

√
ln p ln ln p ¾ Ë

�i¤§«E¬�����Í�¾ÿüÉ ��E©g®����»�É«E�[�BÃ$¯^�É¨��É®�¢· �²��É¨�¢�¢�½�¢^¯^¬�³�´0�Ê�0º�®�¤§¨��É¯·�E  ¢·©g®��É¤¥ �²�£§¢· �¢^­(®��0³�´N�
²$�0���

B = b 8
√

nc ¢ª�¼²/�E£§¤¥­ �E �¤Á� �0²����\½�¤§ É�0¨���²$�0����¢^©?®�¢ª®�¢· »²/� ¨�¢°¢�½�¢^¯^¬�³�´0��¾:¿	º�©�¢·�g¸N�,ì=©�¢ë(¬�¢»²$�N���Ê¬� �ÆÇ�B®��E�
p
¨�¢»�N®�¶ÉÐ�
Ê¨�¹§«E¤Á®��E©·ä<�Ê®�¢· »²/�M¨�¢�¢�½�¢·¯^¬�³�´0�J�0º�®�¤§¨��Ê²��O¨�¢�©�¢^�¼º/¢^ 

�0²��g�\½�¤§ É�0¨��é²/¢^£¥�	²/�E£§¤¥­��0 �¤Á�é¨�¢�«E���0¬�ãå¨$�0¨���²/�0�
y = 0, 001x5−0, 0398x4+0, 5569x3−

3, 3974x2 + 8, 4951x− 6, 2987
¾
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�i¤¥«E¬����µÍ�¾ ü�ú3Ëé²�����½�¤§ É�N³�´0�µ²/�E£§¤¥­��0 �¤¥�N£�²$�0���µ�µ®�¢^ �²/�±¨�¢ ¢�½�¢^¯·¬�³�´0�»¢^ 
B = 8

√
n
¾

dHe�fge&f ¡u¢tlsjT}�psr�j£x�y�} �¤|*�¥nt|*} |~hT���*jT}���{Qp

È3 þ�g¢^£û�N³�´0���0��­(Ä� �¢^�g��¨�¢µ¯^¬��g¸N�0©�¬�®�¤§£¥¤§¦^�0¨$�N©é­���²����O¯·¢^©g©��M¨�¢�ÆÇ�B®��E���0³�´N��äÙ��ñt�0º/¢^£¥��Í�¾ÑÐ
�0²��g¢^©g¢^­(®����å �¶^¨�¤û�°¨��é­(Ä� »¢·���é¨�¢�¯^¬��?¸N�0©5¬�®�¤¥£§¤§¦^�0¨$�0©<¢^ T¯��0¨$�å¯^�0­BÂg¬�­(®��	¨�¢�¢�½�²/¢^�g¤¥ �¢^­L®��E©
��¢^�0£¥¤§¦��N¨��E©i¯·�E �¯��0¨��	®�¶^¯^­�¤¥¯^��¨�¢�¯��0£§¯^¬�£§�	¨�¢

B
¾iËd²���¤§ »¢·¤¥���å¯^�0£¥¬�­��	¨$�é®��Nº/¢^£û�é�g¢^²��g¢^©�¢·­(®��

��­(Ä� �¢^���±¨�¢ ¨�¹¥«E¤Á®��0©�¨�¢^¯·¤¥ »�0¤¥©�¨��µÆÇ�N®��E�
p
¢¼�0©ª¨�¢^ »�0¤§©�¯^�E£§¬�­$�0©���¢·²���¢·©�¢^­L®��N  ��­(Ä� �¢^�g�

 �¶^¨�¤§�±¨�¢¼¯·¬��g¸B�0©°¬�®�¤§£¥¤§¦^�0¨$�N©�¯^�E n�±¤¥ �²�£§¢· �¢^­(®��0³�´N��¾
¿	©å«E�K�NÃ$¯^�0©å¨��E©å��¢^©g¬�£§®��0¨��E©° »�E©?®����0¨��E©°­$�»ñt�0º/¢·£û�ÉÍ�¾ÑÐ±©�´0���0²���¢^©g¢^­L®��0¨��0©	­$�É�t¤¥«E¬����

Í�¾ ã�¾�È3©g©��WÃ$«E¬����� ��E©?®����k�g¢^©�¬�£§®��N¨��E©±º$�0©g®��0­L®�¢Ê¸N�N��¤û�N¨��E©^¾¥�=©�©g�l�0¯^�0­(®�¢·¯^¢M²/¢^£§�WÆÇ�N®��W¨�¢
�0©¼¯·¬��g¸B�0©À©�¢·��¢·  «E¢·���0¨$�N©À�0£¥¢^�N®��0��¤¥�0 ±¢^­L®�¢0äC�Gë(¬�¢»²/�O¨�¢»©g¤¥«E­�¤§Ã$¯^�0��¬� p­(Ä� »¢·���Ê¸N�0�g¤û�0¨��
¨�¢�¤Á®�¢·���0³·ÏO¢^©�²$�0���J«0¢^���N��¬� É��¯^¬��?¸N�W�0¨�¢·ëO¬��0¨$�k²$�0���W��ÆÇ�B®��E���0³�´0�J¨�¢

n
¾lí°�W¢·­(®��N­(®���ä

²/¢^�g¯^¢·º/¢�ì=©g¢À¬� »�µ »¢·­��E��ë(¬$�0­L®�¤§¨$�0¨�¢�¯^¬��?¸N�0©°¬�®�¤¥£§¤§¦��0¨��0©�²/¢^£§���0£¥«0�E��¤Á®� ���²$�N���
B = b 6

√
nc¢¼�± »�0¤§�E�Vë(¬$�0­L®�¤¥¨��0¨�¢ ²$�N���

B = b 10
√

nc ¾
¿w­OÄ� �¢^�g��¨�¢	¯·¬��g¸B�0©�¬�®�¤¥£§¤§¦��0¨��À­$�¼ÆÇ�N®��0���0³^´0�À­$´0�Å¯^�E­�©g®�¤Á®�¬�¤/¬� î¨$�0¨��Å¤¥ �²/�E�g®��0­(®�¢°©g¢
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ñt�0º/¢^£¥��Í�¾ÑÐ�úmí°Ä� �¢^���±¨�¢ â ¬��?¸N�0©
/ P0+ .6$�'(�

B =
6
√

n ¦ �&§ B =
7
√

n ¦ �&§ B =
8
√

n B =
9
√

n B =
10
√

n
��!�"�# �	� �2$�. � '1�

C ��S � �,S�� ��S � �,S � ��S � C2S �� ��S � �,S � ��S � CX��S � ��S � C2S0C� ��S6C ��S � �1�:S0C CK�,S�� CX��S0C C2S �� � CK�,S�� �2�,S � �1�,S � �(�X��S � �,S �� CK�,S � �,C2S0C �2�,S�� ��C-��S�� �(�2�:S � �1�,S0C� ��S � CK�,S�� ���,S�� �2����S �1� C�����C2S�� �1�(�:S �� CK� CK�,S � �1�,S � �(����S � CK�1�2�:S � �,C2S �� C���S�� ��C2S�� ��C2S � ���2��S �(� C��2�1�,S�� �2�2�� CK�,S�� CK�,S�� CK�2�,S � ���2�,S�� �2�1��S�� C��(�CK� C[�:S � �2�,S0C �1�,S � �2����S �1� C��(���,S0C C��1�C1C CK�,S � �2�,S�� C��1�,S � �1�2� �1�(�:S � C��1�C[� ��S � �1�,S�� �(�:S�� �(�1�,S � �X�1��S � ���(�:S��CK� ��S � �2�,S�� C��,C1S6C �(�X��S �1� �1�2��S � C��1�,S��C�� C1C2S � �(�,S � ��C2S � �2�1�,S � C-�(�(��S � C-���:S0CC[� CK�,S � ����S � �(�:S�� ���2��S �(� C������:S�� ���2��S �CK� CK�,S � �2�,S � �1�,S�� �,C-��S��2� �(�X��S � �X�1�,S �CX� ��S � �1�,S � �1�,S � �2�,C1S��2� CK�2�2�,S � �2�1�,S �CK� � �2�,S � �(�:S � ��C���S��2� ���2�:S � C2C��1�,S0CCK� �2�,S � �1�,S � �1�,C1S � C[���1� �2���,S ��2� ����S�� �1�,S � �2�(�:S �1� C2CK�,C2S0C C���C��,S �
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